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PREFACE. 


A meTHOD of integration, which may be called the “Triangle 
Method,” has been used successfully for the past few years 
by the author in his classes. The primary object in view has 
been to eliminate the “ Reduction Formule,” and make the 
student independent of text books and tables of integrals. 
This method is founded upon trigonometric principles with 
the result that the student gains proficiency not only in the 
integration of trigonometric differential expressions but also 
in the transformation of algebraic expressions into trigono- 
metric and exponential ones, and vice versa. 

This book is intended to be used in conjunction with the 
usual text-books on the subject, and should be taken up after 
the student has become familiar with the simple rules of 
integration, resulting from the reversion of the rules for 
differentiation. 

Cuas. O, GUNTHER, 


Granp Virew-on-Houpson, N. Y., 
January 1, 1907. 
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INTRODUCTION. 


Some time since I suggested to Professor Gunther that 
the instruction in Integral Calculus might be improved by 
teaching the student to integrate for himself a variety of 
expressions by the use of imaginary and trigonometric sub- 
stitutions, integration by parts and other methods, such as I 
use myself in the higher classes and which can easily be 
remembered, and giving up the use of tables of integrals and 
the customary formule of reduction, especially the four 
standard formule for raising and lowering the exponent, which 
are too cumbersome and difficult to remember and use. This 
will go far toward making the student independent of text- 
books in his integrations. 

Professor Gunther has shown such appreciation of these 
methods as to work them out with great care in a series of 
problems covering the ground of the ordinary text-book, leaving 
it to me to give a more general view of the principles in- 
volved as an introduction thereto. 

This introduction is therefore intended more for the teacher 
than the student, but it is placed here so that it may be in the 
hands of every student and thus reach those rare and thought- 
ful ones found in most classes who aim to master all the 
principles involved in a subject as well as the practical 
part. 

The most elementary acquaintance with as much of higher 
wathematics as is becoming necessary in the arts, requires 
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familiarity with imaginary and complex * quantities, which 
ought now to be included in elementary algebra, as well as 
with exponentials and with analytical trigonometry in 
connection with exponential quantities. Students come to the 
higher classes with much less practice in trigonometry and 
exponentials than they have had in algebra, and with none in 
imaginary quantities, and the practice of integrating all 
algebraic forms algebraically, and even transforming some of 
the trigonometric forms into algebraic, only increases the 
defect. It is therefore a great advantage to reverse the pro- 
cedure and give the student practice in analytic trigonometry, 
and other fundamentals of higher mathematics, in the inte- 
gration of algebraic forms by trigonometrical and other 
suitable methods. 


IMAGINARY QUANTITIES. 


Whether the nature and use of 7 = V —1 should be made 
familiar to the student of ordinary algebra is scarcely a 
question, because there is no possibility of leaving it out; and 
the only question is; Shall he be made familiar with it as an 
impossible quantity, when its existence shows it to be possible, 
and shall it be called an imaginary quantity and no attempt 
be made to assist his imagination to grasp it, or shall expla- 
nations be given showing it to be a reasonable and useful 
quantity ? If in an exact science like algebra the logical 
development of the fundamental assumptions can lead to any- 
thing impossible, grave doubt is cast upon their correctness 
or the accuracy of the reasoning employed. 


* A complex quantity is the sum of a real quantity and animaginary, 
ie, it isa quantity part real and part imaginary. 
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The explanation required is not difficult. The square root 
of any minus number can be factored into the product of the 
square root of the number itself and V — 1, thus: VW — 4 
= 2/ — 1, so that the only thing requiring explanation is 
/—1. First then, if — 1 be recognized as a quantity,V — 1 1 
must also be a quantity, for it is inconceivable that the quanti- 
tative nature of —1 can be destroyed by the operation of 
finding its square root when this operation has no such effect 
on other quantities; or, if conceivable, — 1 must be a quantity 
of a different nature from others, the difference being respon- 
sible for this peculiar action of the square root upon it. 

What is, then, the nature of a square root, and what the 
difference between +1 and —1? 

The square root of « quantity is one of the two equal factors 
whose product is the quantity, thus : 


If bxb=a, 6 is the square root of a, consequently : 


Ij the square root of a quantity be used twice as a factor it 
produces the sume result as using the quantity once as a factor, 


thus: cxbxb=cxa. 


To appreciate clearly the difference between +1 and —1 
it must be remembered that in algebra plus and minus are 
used in two ways, so that it is sometimes advantageous to 
distinguish them from each other. In the expressions m + n 
and m—n the signs are supposed to represent addition and 
subtraction, and this is the first idea of them when they are 
used in arithmetic; so that while 5—3 has a meaning, 3-5 
is held to be meaningless, for from a pile of 5 balls 3 can be 
taken away, but from a pile of 3 it is impossible to take 5. In 
algebra, however, a broader view is taken. 

In arithmetic four fundamental operations are taught, with 
a process for performing each, — addition, subtraction, multi- 
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plication, and division; but in algebra these are reduced to 
two only, thus: if m=5 and n=3, arithmetic teaches how te 


add » to m, m+n=5+328 5 25. 4) 
subtract 2 from m, m—n=5-38=2. .. . (6b) 
multiply m by n, <~mxn=5x38=15 . . . (©) 
divide m by n, m+n=5+3=1%= . . . dd) 


But in algebra, if» is to be subtracted from m, no separate 
operation of subtraction is recognized, the rule being to 
change the sign of n and proceed as in addition ; and in the 
case of m added to m, symmetry of statement leads to, leave 
the sign unchanged and proceed as in addition, as the corre- 
sponding rule. 

There must, then, be a sign belonging to quantities, which 
can be changed or left unchanged, and this sign is called the 
intrinsic sign, which may be + or — ; besides which a second 
or copulative sign is needed to express the addition, and this is 
always plus. The algebraic expression of (a) will therefore be 


tm+tn=m+n=8 oy tafe... ee een) 
and of (6) Tit ns 0 Toe De Ne oe 


where m+n and m—n may be regarded as abbreviated forms 
which generally lead to no ambiguity. 

In the same way algebra dispenses with division, for to 
divide m by n it is sufficient to write n as a fraction and 
multiply, thus : 


A much closer parallel appears, however, in the customary 
algebraic use of exponents. An exponent is a small numeral 
_ at the upper right-hand corner of a quantity which states two 
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things, first, that the quantity or number is to be used as a 
factor, and second, the number of times it is to be so used. 
According to this usage (c) may be written algebraically 


mxn =m.n =mn =15 mere CS 


and (d) mx n-!=m .n-l=mn- = 12 Noung sn (3 


for the rule is to change the sign of the exponent of n and pro- 
ceed as in multiplication, whereas in (c’) we leave the sign 
unchanged and proceed as in multiplication. The forms 
m.n, mn, etc., may be regarded as abbreviations, which gener- 
ally lead to no ambiguity. Here instead of the copulative 
sign of addition there is that of multiplication, x, or the dot 
used in algebra, and instead of the intrinsic signs of the 
quantities there are the signs of the exponents. 

The failure to keep in mind and distinguish between the 
copulative and intrinsic signs in addition is a source of con- 
fusion in many problems, as, for instance, in logarithms when 
the intrinsic sign of the characteristic is different from that 
of the mantissa, and it would be advantageous if separate 
symbols were provided for them. 

It would be better if the copulative sign for addition 
were —,so that m—mn should meanm plus n. It is the simpler 
mark of the two, and m—n could be changed to m+n by 
adding a stroke; whereas with the signs as they now are, the 
change from m plus n to m minus m requires an erasure, and 
this change has to be made much oftener than the contrary 
one. 

It would also be better in algebraic multiplication, which 
includes division, to use the line already employed to indicate 
a fraction, or, in other words, the line employed to indicate 


> ee ‘ ere bac m 
division, for the general sign of multiplication, thus ; — means 
n 
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m divided by n, or m multiplied by =. Why not write mn or 


mn for m multiplied by , so that while a line in front of a 
quantity would indicate that it was to be added, as in m—n 
(n added to m), a line under it would mean that it was a 
factor? The algebraic rule dispensing with division and 
reducing it to multiplication would then be similar to that for 
subtraction and would read: To divide by a quantity, change 
the factoral sign from under to over it and proceed as in 
multiplication, thus: m and n are both factors, and mn are 
two factors multiplied together ; but if m is to be a multiplier 
and n a divisor, then they must be written m and n, and when 


multiplied together would appear as mn or or m/n. (c) would 
a n 


then be written thus: 


mn=5 X3=—15, 
and (d) thus: mi = m5 3— 3 m1. 


Now as to the difference between +1 and —1, these signs 
are evidently intrinsic signs, and the —1 is not to be thought 
of as 1 subtracted from anything. What, then, do these 
intrinsic signs indicate? It will be found upon consideration 
of this question that the intrinsic sign of some physical 
quantities is by nature plus and cannot be minus. A cubic 
foot of water has about two units of mass in it, and the same 
volume of a substance of half that density would have one 
unit, and, further, in a cubic foot of vacuum there would be 
zero units of mass; but to have —1 or —2 units of mass ina 
cubic foot is inconceivable, and may well be said to be impos- 
sible, so that the intrinsic sign of density is plus. Also the 
intrinsic sign of the radius of a sphere or a circle is + , and 
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the device of a minus value to the radius is only such, and 
sometimes leads to error. ‘There are, however, quantities tc 
which nature allows both plus and minus intrinsic signs. 

In rectangular co-ordinates the intrinsic sign of either x or y 
may be plus or minus, + meaning a distance measured in an 
assumed direction, say to the right of the origin, and — mean- 
ing in the opposite or left-hand direction, and in this way a 
rational interpretation of +1 and —1 is obtained as two unit 
distances measured in opposite directions from an origin or zero 
point. They may therefore be properly represented by arrows 
of unit length drawn to the right and left, thus: 


~1<——-______o—--__—> +1 


an arrow (or directed line, or vector) having two properties 
and no more, magnitude or length, and direction, the same 
as quantities +1 and —1 have. 

+1and —1 may then be regarded as referring not only to 
the unit distances themselves, but to the points at the ends of 
the arrows. 

Now —1 or +1 regarded as a factor must be somewhat 
different from the —1 and +1 regarded as points or distances 
from the origin. Indeed, in the ordinary multiplication of 
5 by 3, 5 is termed the multiplicand and 3 the multiplier, and 
3 is supposed to operate as a factor on 5,5 being trebled by 
the operation and not regarded as a factor, so that a difference 
is recognized, which can be further emphasized by considering 
that there would be no difficulty in multiplying —1 by 3, but 
only in the reverse operation. To get out of the difficulty it 
might have to be assumed that the reversal should make no 
difference in the result, but this would not help the matter 
if —1 were to be multiplied by — 3. 

But in algebra factors can be minus as well as plus, and a 
remarkable rule is given for their multiplication. The num- 
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bers or quantities themselves are to be multiplied in the usual 
way for any number of factors,as tm .~n .~p .~q, and a sign 
is to be prefiaed to the product, + if the number of minus signs 
is even, and — if i is odd, and this is an arbitrary rule for 
which no justification is given except what it gets subsequently 
from the fact that it works well. 

Now this rule of sign might equally well have been arbitra- 
rily stated in either of the following forms: 

Call a plus sign zero and a minus sign one, and add together 
the signs of the factors ; if the result is an even number put +5 
and if an odd number put — before the product ; or, supposing 
angular measure to be understood : 

Call a plus sign 0° and a minus sign 180°, and add together 
the signs of the factors ; if the result is a multiple of 360° the 
product is plus, and if not it is minus. 

It must then be evident that the rule given is equivalent to 
a statement that the effect of the factor —1 is to reverse the 
direction of the quantity on which it operates without altering 
its magnitude, which can only be done by revolving it about 
the origin through 180°. 

Therefore the use of —1 as a factor does not alter its 
compound nature; it is still a directed quantity, and as such 
may properly be represented by a line drawn to the left of 
the origin ; but instead of the minus sign meaning simply the 
direction to the left, it now represents « revolution of 180°, 
and its operation as a factor is to revolve another quantity 
(considered as a multiplicand) through 180°, thus changing it 
from whatever direction it may have to the opposite one. 

The meaning of the square root of minus one and its effect 
follow directly from the foregoing and the definition of square 
root. The quantity  —1 used twice as a factor must be 
equivalent to —1 used once, and cause a revolution of 180°; 
it must therefore, when used once, cause a revolution of 90°. 
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Starting then with the directed line or arrow +1 as the 
multiplicand, ps. Sea, 
1-V—1=V -1, 
Pata iat, 
-1.7-1--¥V -1, 
and SAf =e Boi = dad: 


As a directed quantity \/ — 1 is therefore unity measured in 
the direction of the Y-axis, and as a factor it is a revolution 
through a right angle in that angular direction which is’ con- 
sidered positive. «is used to represent the plus square root 
of minus one, or i=*/ — 1, and is called the imaginary unit 
to distinguish it from +1 which is called the real unit, 
although one is just as real as the other, differing in direction 
only, as do the co-ordinates a and y. i= —1 is therefore 
an actual algebraic quantity as easy to use after a little 
practice as any other, and very useful in many cases. It 
furnishes an elegant algebraic method of working with # and y 
co-ordinates, by means of complex quantities, without having 
to keep them separate from each other, and includes also 
polar co-ordinates by the help of exponentials. 

All points in a plane have therefore their algebraic repre- 
sentation as shown in the following figures. See page 10. 


EXPONENTIALS. 


Familiarity with exponential quantities is important in 
mathematical work of all kinds. The base e of the Natural 
System of Logarithms was not invented, any more than 
\/ — 1 was, to plague the brains of unwilling students, but 
it is a Constant of Nature, the same as 7 is, and was discov- . 
ered, aS any rare mineral might be unearthed, by mathe- 
matical digging. Like a rare mineral, a constant of nature 
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EXPLANATION OF FIGURES AND TABLE. 


Figures 2 to 6 differ only in the values ascribed to the points 
shown. These values could not easily be written upon the 
figures, so that instead of drawing five separate figures, each 
with its set of values, but one is shown with reference letters at 
the points. These letters are placed in the first column of the 
Table, headed “ Points,’’ and in the following columns the values 
belonging to the points are given for each of the five figures. 

In Figure 2 each point, or the vector from the origin to the 
point is a power of a real number, thus; the origin zero is 
x-*© = 0 where @ is any real number, and point 1 is unity to 
any power x or x°; a, d, etc., are given both as powers of + 1 
and — 1 and the points on the spiral as powers of —2. Other 
values also belong to the points, thus; one of the four fourth 
roots of — 1 is a, the other three are d,e and h. The three 
cube roots of —1 are b, — 1 and g, and the two square roots 7 
and —i. The four fourth roots of + 1 are 1,7, — 1 and — 4, 
the three cube roots are 1, c and fj, and the two square roots 
are 1 and — 1. 

In Figure 3 each point is a power of the Imaginary Unit ¢ 
or a multiple thereof, so that the points can be represented by 
powers of either real or imaginary numbers at will. 

In Figure 4 each point is regarded as a Complex Quantity z, 
given in the Standard Algebraic Form 2 = x + iy, x and y 
being its Cartesian Coordinates, thus ; } has x =2—1 and y=3-4. 

In Figure 5 the Trigonometric Form z =p (cosine x +7 sine x) 
is used, thus; n has p= 1.414 and w= 147. The symbols 
used in this column stand, as might be inferred, for the words 
“cosine” and “sine,” the use of words or abbreviations thereof 
in a formula being regarded as inelegant and wasteful of room. 

In Figure 6 the Exponential Form z = ¢* is given. To 
save room 2 only is tabulated. 
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possesses wonderful and valuable properties, which are dis- 
covered upon examination and analysis. This constant ¢ is 
represented by one of the simplest of series, for,as shown by 
the Differential Calculus, 


2 3 4 
Bee give ete, ea a ae, eel ne Bie 
€ x ante = 3 te 71 ta ’ 
and therefore, 4 
a 1 1 
Sateen iets fee yy a Oe 
e=eé 3 By eT" ’ 


each term being divided by its number to form the next term. 

A more comprehensive idea of ¢ must be taken than that 
given in connection with ordinary logarithmic and exponen- 
tial work. It is there taught that a minus quantity has no 
logarithm, which may seem true from the fact that the real 
numbers from — o to + o are all needed as logarithms for 
the plus numbers, integral and fractional, between 0 and + 0, 
Where, then, can logarithms for minus numbers be found ? 

In the series for <* if x be made imaginary, say x=10, 
6 being real, ex = <” as will be seen later, will always be a point 
on the unit circle (or circle of unit radius) having the origin 
for its center, and in the same way re” is a point on the circle 
of radius 7, also it will be found that 


ei? — —< 4; or, 
im = logarithm of — 1; further, 
reit = g logr+in_, _ py, therefore 


log r + im=log (— 7), 


so that the logarithm of a minus number is the logarithm of 
the same plus number plus iz. 

There is, then, an important connection between these two 
constants of nature, ¢ and z, and other numbers. e¢ has also 
other important trigonometrical connections, especially in 
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connection with 7, 7 being in fact the foundation quantity in a 
sort of trigonometry in which angles are represented and 
treated algebraically along with distances, as may be inferred 
from the last two figures. This makes it necessary to gen- 
eralize and extend the principles of trigonometry. 


ANALYTICAL TRIGONOMETRY. 


The two fundamental functions in analytical trigonometry 
are the cosine and its complementary function the sine, and 
the Differential Calculus expresses them both as series of 
powers of the angle x. But the idea of these quantities 
obtained in ordinary trigonometry, as the ratios between the 
sides of a triangle, must be generalized for them to be of use 
in higher mathematics ; and to do this we drop the old defini- 
tions and define these functions of « anew so as to generalize 
and extend their meanings. The cosine and sine are there- 
fore defined as the sums of their series of powers of x, thus: 


2 4 
F a x 
cosine 7=x79— — + 


fad 
ERS eaes 
a3 o° i 
—-+~ —-~—~ —_~+4 ... ete. 
Ea Caen 

The cosine is written first, contrary to the usual custom, 
because it is the simpler and more important function, and 
corresponds with the x direction or real ais, while the sine 
corresponds with the y direction or imaginary axis. 

Tkese definitions are a generalization of the functions and 
include the old definitions. In this connection the nature of 
« must be understood and a false idea of it corrected. a is 
usually regarded as an angle, but in reality so to regard it is 
nothing more than to remember that it refers to an angle in 


+... ete, 


and sine x=a! — 
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the particular problem concerned, for mathematically « cannot 
be anything more than the number expressing the angle in 
radians. The generalization of the cosine and sine therefore 
consists in calling the sums of the above series by the same 
names, “cosine of x” and “sine of x,’ even when « is a number 
obtained by measuring some quantity other than an angle. 

This general view allows us also to extend the meaning of 
the functions to include imaginary and complex values of x, 
and, without trying to form any idea as to what an imaginary 
or complex angle could or might be, it is allowable for con- 
venience to still call « “the angle x” when it is not an angle, 
and “the imaginary angle «” when it is an imaginary or 
complex number. 

In ordinary trigonometry it is taught that cosines and 
sines all lie between +1 and —1, so that a cosine equal to 2 
would be an impossibility, but by supposing x to be imaginary 
it becomes possible, and cosines and sines can have all values 
from +1 to + ; also by giving # a suitable complex value 
these functions take values between —1 and —o, other 
complex values for « giving complex values for the functions, 
so that any point in the co-ordinate plane, real, imaginary, or 
complex, can be represented in analytical trigonometry by the 
cosine or sine of some a, but this x can only represent a real 
angle in the case that the functions lie between +1 and —1. 

The effect of an imaginary value of «x on the cosine and sine 
and on ¢* will appear by placing «=76 in the series and 
simplifying the results; thus it will be found that 


: . area 
cosine x = cos 10@=1+ get of 


[2 [4 fapass 


3 7 
sine x =sin imi (0+ xt e + oe, ees ete.) 


Paget 


. ete, and 
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to which may be added 


3 4 5 
FP Pia i) agai (es si +4 z 


Tbe Bh bes 
for purposes of comparison. 

The first thing to be noticed is that the cosine and sine 
series are simpler for imaginary angles than for real, and 
special names have been given to these simpler series, the first 
being called the hyperbolic cosine of 6, and the second (without 
the 7 in front of it) the hyperbolic sine of 0, which leads to two 
equations, which may be taken equally well for definitions of 
the hyperbolic functions, 


hyp. cosine 6= cosine 76, 
hyp. sine 0= —7 sine 70. 


Hyperbolic cosines and sines lead to a complete hyperbolic 
trigonometry parallel with ordinary trigonometry but having 
differences which perplex the memory. It is therefore an 
additional advantage in the use of imaginary quantities that 
their use amounts to including hyperbolic trigonometry in 
common trigonometry, which is much simpler than learning 
and using it separately. Had trigonometry been developed 
from the analytical standpoint, it is likely that it might have 
had as its basis the hyperbolic cosine and sine as simpler than 
the circular. 


INTERRELATIONS. 


Having now these generalized and extended views of the 
fundamental quantities 7, ¢*, cosine ~, and sine a, their rela- 
tions to each other must be further examined, being of the 
greatest practical use in higher mathematics. 
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Rearranging the series last given, there results 


gt? oe 1= etc. 


ay & Cd 
: ( ei 
which being compared with the defining seriee for cosine and 
sine gives 


See ote.) 


e? —cosine 6+ 7 sine 0, 
and in the same way it is found that 
e~ = cosine §—7 sine 6, 


which also comes directly from the previous formula, because 
changing the algebraic sign of an angle changes the algebraic 
sign of its sine. 

These values for ¢# and <-® are complex quantities and 
may be laid off as shown in Figure 5 and Figure 6. The cosine 
being real is to be laid off as an x co-ordinate from the origin 
along the X = axis, and at its end the imaginary quantity 7 sine 0 
is to be laid off as the y co-ordinate, plus in one case and 
minus in the other. Evidently then <®, as previously stated, 
will always be on the unit circle, and to find a point repre- 
senting re?” is simply to increase the radius from unity to 7, so 
that any point in the plane can be expressed by re‘? or clog 7-+i0 
as shown in the foregoing figures. This amounts to a sort of 
exponential trigonometry. 

This representation of any point in the co-ordinate plane by 
exponentials leads to a conception either of the point itself, 
or of the radius from the origin to the point as a single 
quantity, which may be represented by a single letter, thus, 
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z= clogr+i?— rei? and this conception is justified by the fact 
that this z can be put into an equation and subjected to 
algebraic treatment like any other quantity without error. 

By addition and subtraction of the last formule exponen- 
tial values are arrived at for cosine and sine which are highly 
important, and should be memorized. 


io. .—-i0 
cos 6 = — : 
i0_ .—i0 
2 


the corresponding formule for hyperbolic functions being 


6 ca 
hyp. cos 6= She, 
hyp. sin 0 = a 


which again emphasizes the greater simplicity of these 
functions, 
From the same two formule are obtained 


log (cos 6+7 sin 6) =76, 
log (cos 6—7 sin @) = — 70. 


In the following pages it will be shown how these principles 
of higher mathematics apply to simple integration. 


INTEGRATION. 


The integration of algebraic forms containing the radical 


V +: (x? + 2aa + 6), a and b having any values whatever, 
depends on the removal of the radical sign, which can be done 
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by imaginary and trigonometric substitution. As physical 
problems often depend upon angles, the change to a trigono- 
metric form is likely to simplify the problem, and often in a 
marked degree, besides furnishing interesting and valuable 
practice in the principles developed. Thus, 


putting L=U—a the radical reduces to 
V/u? + c? where c?'=b—a? is + 


according to the sign and magnitude of 6. Both signs can 
now be changed together if desired, by multiplying the radical 
by 7 and dividing inside by —1, which gives 


iV —w Fe, 
and then the substitution wv =7v will change the sign of «? and 
give, if desired, 

tiV+u?F c, 
so that the original radical can be reduced to any one of three 


forms, 
/ x? +c, V/ x? — c?, or Vec?—2’, 


and these radicals can be removed by substituting «=c tan 6 
in the first, =c sec 6 in the second, and x=c cos @ orc sin 0 
in the third. By the imaginary factor therefore the signs 
can be changed at will so as to make use of the particular 
trigonometric substitution desired; and the fact that the 
differential coefficients of cosine and sine are of the first 
power, and those of the tangent and secant of the second 
power, makes it possible by this choice to change the 
exponents in the resulting form. 
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If the original expression is or leads to one of the simpler 


forms, as 
d 
dx c 
Y= ——= 


peer 


where the quantities may be real or imaginary, there is no 
necessity for trigonometric substitution, though it is interesting 
to make such for purpose of comparison, and the integration 
can be made directly into a circular function, and thereby 
practice be had in the use of imaginary arcs and with the 
exponential values of cosine and sine, and with constants of 
integration. 

Much can be learned by integrating the same expression 
in various ways; the result may appear in different forms, and 
it is excellent practice to reduce one form to another, which 
can always be done if integrated correctly. In such a reduc- 
tion the constant of integration plays an important part. 

It remains then to consider the integration of simple trigo- 
nometric forms, which will be classified and discussed in a 
general but orderly manner. It is not intended that teacher 
or student shall follow this classification ; indeed, it is better 
to avoid all classification, as more will be learned by solving 
each problem independently according to the general princi- 
ples given. Many problems can be solved by several methods, 
and that given in the classification may not always be the 
simplest. Then again a different classification might be 
made, and more is learned by making or attempting one than 
by following one already made. 

But this classification will nevertheless be of use, for the 
fact of having one that covers the whole ground (those in text- 
books do not always do so) is proof that all the forms can be 
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integrated by the principles given; and further, if some of 
them are attempted without success, the classification can 
then be consulted. Of course, without any classification it 
can be seen that all such forms may be integrated, for the 
exponential values of cosine and sine may be substituted, 
when the expression will simplify into a series of exponential 
terms of various powers which integrate at once, but this is 
not an easy way for many problems. 


CLASSIFICATION. 


Any product of integral powers of simple trigonometric 
functions can be put in the form 


cos” x sin” x dx, m, an integer = n, an integer. 


The possibility of cases appearing in the analysis where the 
result depends on whether m> or <n might suggest a pro- 
vision against such ambiguity by supposing at once m > n. 
This would necessitate an equal number of cases of the comple- 


mentary form, 
sin™ x cos” x dz, 


which is equivalent to m <7 in the original form. 
However, this complementary form may be disposed of 
as follows: 


Put (@+y) = me then cos #=sin y, sin «= cos y, dxe= —dy, 
and we get, sin” « cos” «dx= —cos™ y sin” y dy, 


which reduces the complementary to the standard form with 
the sign changed; so that the integral of the complementary 
form can be obtained by integrating the corresponding standard 
form and changing the sign. If the integral be obtained in 
this and some other way, the constants of integration may need 
adjustment to make the results agree. 
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The standard form, 
cos™ x sin” x dx, m, integral and = n, integral, 


therefore, includes all forms, which must belong to one of the 
sixteen cases symmetrically arranged in four groups in the 
following table: 


The groups a, 6, c and d will now be considered separately 


Group a. 
One exponent + odd, the other + odd or + even. 


cos” x sin” x dx =sin” « cos?” x cos x da, 
if mis +odd and =2p+1, 
= sin” x (1 —sin? x)? d (sin 2) 
=(sin” x—p sin? x+¢ sin"*+4ae— ... etc.) d(sin x) 


where the terms of the series integrate as powers of sin a; 


or; cos” x sin” « dx=cos™ x sin?? x sin x dz, 
if mis +odd and =2p+1, 
= —cos™ x (1—cos? x)? d (cos x) 
= —(cos™ x—p cos™t? 4+ cosmt4a— ... etc.) d (cos x), 


where the terms integrate as powers of the cosine. This second 
supposition is equivalent to the complementary form. 
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Group b. 


Both exponents —odd or both — even. 
For convenience put the sum of the exponents = —2p, we 
shall now always have 2p + even. 


sin” 2 cos” x cos” a dx 
cos” 2 
=tan” x cos™*™ x dx =tan” a sec”? a sec? a dx 
= tan” # (1+ tan? x)?" d (tan x) 
= {tan” «+ (p—1) tant? 2+ q tan+* a, etc.} d (tan 2), 


cos” « sin” «2 dxa= 


the terms of which integrate as powers of the tangent. These 
powers start as minus powers, but may become plus toward 
the end of the series. It evidently makes no difference 
whether m =n. 


Group c. 


Both exponents even, one +even and the other + even. 
Let the exponent which is plus even = 2p, 


cos” x sin” «dx=cos™ x (1—cos? x)? dx, ifn=2p, 
= (cos™ x —p cost? x+¢ cos™*4 a, etc.) da, 


or; =sin” x (1—sin? x)? dz, if m= 2p, 
= (sin” 2 —p sin™t? x+¢ sin”*4 x, etc.) da. 


If both m and 7 are plus, the exponents of the terms of the 
series will be plus, but if one is minus there will be minus 
exponents in the series. All the exponents will, however, be 
even. 

Terms with plus exponents integrate by doubling of 
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the angle, as often as may be necessary, by means of the 
formule 
cos? ge ntoO8 zh sin? x= £268 2a 
2 2 

Terms with minus exponents fall under group 4 by letting 
the other exponent equal 0. 

When m+n is —even, the method of group 6 can also be 
employed. 

Group d. 


One exponent — odd, the other + even, 

By the use of one of the following imaginary trigonometric 
substitutions the —odd exponent can be changed to plus. 

Put sin «=i tan 6 and there results the following set of 


values : ‘ 
cos x=sec 9, sec x=cos 6, 
‘sin x=7 tan 8, esc x= —7 cot 6, 
> tan «=i sin 6, cot x= —7 esc 6; 


dx =i sec 6 dé, 


and for cos «=7 cot @ there result the complementary 
substitutions : 


sin x=cse 0, csc x=sin 6, 
cos x=% cot 6, sec x= —i tan 6, 
cot x =7 cos 6, tan «= —i sec 6. 


dx=1% ese 6 dé, 


The first gives 
cos™ x sin” x dx=sec™ 6 (4 tan 0)” i sec 0 dO 
= +7 cos—(™*n+D9 ginn 6 dé, 
and the second gives 


cos™ x sin” x dx = (i cot 6)™ csc” 6% esc 6 dé 
= +7 cos” 6 sin—™tn+9 dé, 
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As m+n+1 is always even, the first should be used when m 
is odd, and the second when x is odd. Both exponents are 
now even, and, as can easily be seen, one will always be plus, 
which places them in group ec. 


The following use of the Imaginary is interesting on account 
of the mechanical analogy involved. 
To integrate du = & cos x dz; 
add to it the complementary equation 
dv = é&* sin x dx 
multiplied by the Imaginary Unit 7 and get 
du + idv = e (cos + 7 8in x) dz, or 
a(u +m) = dz = & dy = dz. 
dz is here a Complex Quantity, but in integrating it the real 


and imaginary parts must integrate separately and form the 
real and imaginary parts of the integral. The result is 
therefore 


z2=utwe= 1 ate ¢ 
1+¢ 


= tat es (cos +¢ sin x)+C. 
Separating the real and imaginary parts 
u=% e* (cos x+sin r)+C, 
t= 4 e% (sin x—cos r)+C,, or 
v= et (sin x— Cos x)+C,. 
The given equation represents a periodic motion along the 


Real Axis and the equation added represents one along the 
Imaginary Axis of an equal and similar degree of complexity, 
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but the combined equation represents a simple spiral motion 
around the origin with the variable radius ¢*, with an equally 
simple integration, The simplest form of this mechanical 
analogy is the combination of two mutually rectangular 
harmonic motions to form a uniform motion in a circle. 


Or let d?y = et sin x dz? 

and add dd?y = tet COS x dz’; 

then z= d? (u+ ww) =te* (cos x—7 8in x) dz? 
atet—” da: 


Integrating, there results 


i dz=(e4-* + C) dz. 
¢ 
Integrating again 


(1-1)? (de. C7 


ry 
where C,=C a-12), 
or —2z2= —2 (ut+w)=e* (cos x—isin x) +C,r+C,. 
Separation of the real and imaginary parts leads to 


~—2u=e cos x+C,2+Cy 
2v =e sin ++ Cy, 2+ Cy. 


It may readily be inferred that complex quantities are as 
important and necessary in mathematical as revolving bodies 
are in mechanical work and analogies between them are often 
helpful. 

J. BURKITT WEBB. 


Hoszoxeny, N. J., 
January 1, 1907. 


INTEGRATION BY TRIGONOMETRIC 
AND IMAGINARY SUBSTITUTION. 


CHAPTER I. 
TRIGONOMETRIC DIFFERENTIALS. 


1, Trigonometric Formule.— The method of integration 
developed in the following pages is designed to replace the 
usual “reduction formule,” and being founded upon trigo- 
nometry the more important trigonometric relations are, for 
convenience of reference, tabulated below. 


z ; 

1. cos r= ——, sin = ——, an x= 7 
sec x SC % cot & 
sin x COs 

2. tanz= ———5 Cian. 

COs sin x 
3. cos 5 - x) =sin 2, 4, cos? x+sin? x=1, 
sin ¢ - 1) = 00s xz sec? 2 — tan? x=1, 
tan e = ) = oot x csc? 2 — cot? x=1. 


5. cos (x + y)=cos x cos y F sin x sin y. 
6. sin (x + y)=sin gz cos y + cos & sin y. 


tan # + tan y 


Tene (0) rig aa 


8. cos 22=cos? x—sin? x=2 cos?x—-1=1-—2 sin’ 2. 
27 
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9. sin 2x=2 sin x cos x, tan 2a = JES 
1 — tan? x 
10. cos? x= ae sin? a = ae 


11. cosa+cosy= 2 cos $(#+y) cos $ (x—-y). 
12. cos a—cos y= —2 sin } (x+y) sin } (xw—y). 
13. sinw+siny= 2sin 4 (x+y) cos $ (wy). 
14. sinw—siny= 2 cos 4 (x+y) sin 4 (x—y). 


The student should be familiar with the following relations — 
from his study of the Differential Calculus,* 


a? a 28 
cosa=1 i)2 * /& cy PA Sn (15) 
: a8 Ca Wes a? 
sin 2@= x - — + — ——+... (16) 
Ee be ie 
1 a? a — gt 2) en ae 1 
oe” (EA ie (a, ae 


By substituting another variable, i0, (¢=~/—1), for x in 
(17) there results 


. OF) ee ar OO eee 
10 41 ig eee a on emer Sg 
pare ime. (ae |e aes 
62 64 , 68 65 
wr (1 4 Ss ee ee one 
( Bae )+é(0 i3 * {6 : ) 
which compared with (15) and (16), gives 


e@—cosO+tsin@d. .. Sa GES) 


* See Price, Vol. I, Arts, 59 to 61; Chauvenet’s Plane and Spherical 
Trigonometry, Chapter XIV; and Peirce’s Plane and Spherical Trigo- 
nometry, Chapter VII. 
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Substituting —76 for x in (17) there results similarly 


e-¥=cos O—isin@ . -. . . (19) 


Since ¢ is the base of the Naperian system of logarithms, 
(18) and (19) may be written 


i0=log (cos 9+isin@). .. . . (20) 
and —i9=log (cos O—isin @) . . . . . (21) 


Adding (18) and (19) gives 


cs G= te. (88) 


Subtracting (19) from (18) results in 


40 —i0 


me Oats 
sin 6= oF emp reer an ere (23) 


Dividing (23) by (22) gives - 


ci _ -—i0 e210 _ 4 


tan = —— SS 
4 (Gad BE as, a (62? ae 1) 


(24) 


2 Trigonometric Differentials. — Every differential expres- 
sion consisting of the product of integral powers of trigono- 
metric functions of one angle, multiplied by the differential 
of the angle, can be reduced to the form 


dy =cos™ x sin” a dx, 


in which m and m are integers, even or odd, positive or 
negative, or zero. 

It will now be shown how each of the different cases of 
this expression: may be integrated. 
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3. To integrate dy= cos” x sin» dx when either m or zis 
an odd positive integer, no matter what the other may be. 
(a) Let m=2r+1,7r being a positive integer, 
then dy=cos™ a sin” x dx 
= cos*+1 » sin” a dx 
= sin” « (1—sin? x)" cos a dx 
= {sin” #—rsin™+? 2+... +sin"+?r o}d (sin x), and 


sintt+ig xr sinrt » sinr tt y 


baer os apie Tm 
(6) Similarly, when z is of the form 2r+1, 
dy =cos™ x sin” x dx 
= Cos” a sin”?! x dx 
= cos” x (1—cos? x)" sin x dx 


= — {cos™ x—rcos™*? a+... +cos”t* aid (cos x), and 
y cos™t! g =x cosmts x cosmt2rtt x 6 
m+1? m+3 m+2r+1 ; 


t 
Exampre 1. To integrate dy =sin? x cos® x da. 


dy =sin? x (1—sin’x) d (sin 2), 
sin'z = sin® & 
= ee C 
Tee ape 


Ex, 2. To integrate dy=tan? x dz. 


dya nix dx _ (1—cos? x) 


sin x dx 
cos? x cos? x 
_ _a&(cosx%)  d (cos x) 
cos? x COs x 
= ——— + log cosa+ C, or 
o~ 8 cos? x 8 u 
sec? x 
SE 


— log sec + C. 


1 
2 
3 
4 
5 
6 
7 
8 
9 


4. 
even 
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EXAMPLES. I. 
. dy=sin x cos x dz. 10. dy=cos’ x dz. 
. dy=sin’ x dz. 11. dy=cot' x dz, 
. dy=tan x dx. 12. dy=tan® x dz. 
. dy=cotx dx, 13. dy=tan' x sec x dz. 
. dy=sin? x cos’ x dz. 14. dy=tan' «x sec’ x dz. 
= cot’ ind 
Doucet ae tS ee 
; dy = cos* x dx. 16. dy= C8 2 da 
_ sin’ a da sin? x 


Cos x 


To integrate dy=cos™ x sin® x dx when m+n is an 
negative integer. 


(a) Let m+n= —2r, then 


ais 


and, 


(6) 
dy 


=cos™ @ sin” x dx 

=tan” x cos™tn x dx 

=tan” x sec” x dx 

= tan” x sec”? x sec? x dx 

=tan" « (1+ tan? x)" d (tan a) 

= { tan” x+(r—1) tan" 2+. .+tan"+”-? 2} d (tan 2), 


tan7+! x tants go tanrt2r-1 » 
= ——— + (r—-1) —— +... + —— + 6 
Se eS pare, ea, 2 


This integration may also be performed as follows: 


=cos” x sin” x dx 


=cot™ x sin”*” x dz 

=cot™ x csc” x dx 

= —cot™ x (1+ cot? x)" d (cot x) 

= — feot™ x+(r—1) cot? a+. .+cotm+? a} d (cot zx), 


<4 eotmtt x ie (r— 1) cotmt3 ry) > cotm+2r—-1 x la 
m+1 m +3 wy Qed 


32 INTEGRATION. 
dx 


sin x cos3x 


4 2 
yee dz _ (1+tan’? x) d (tan x) 


tan x tan x 


ii 
= t at d 
ee a es x) (tan 2), = 


Examp.e 1. To integrate dy = 


2 
y=logtan « + sol +0. 


EXAMPLES. Il. 


1. dy=sec' x da. 6. dy= dx ; 
2. dy=sec® x dx. sin? x cos? x 
3. dy=csc! x dx. Do dye sin? x dx 
4. dy=cse® x dx. cos! x 
5 ie dx 8. dy=cot? x esc® x dz. 
5 sin 2 cos x 9. dy=tan® x sec! x dx. 
10. dy= Os 


gin? x cost a 


5. To integrate dy=cos™ x sin” x dx when both m and 2 
are even positive integers. When both m and m are even 
positive integers, by doubling the angle as often as necessary 
by means of the following trigonometric relations, 


sin x cos “= as é (9, p. 28) 
COs? 7 = 1s ae (10, p. 28) 
sin? 2 = BOs Be (10, p. 28) 


this differential expression may be transformed into an expres- 
sion involving sines and cosines of multiple angles and then 
integrated. 
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This may be best illustrated by means of a few examples. 


Examp.e 1. To integrate dy=sin? x dz. 


Ex. 2. To integrate dy=sin? x cos? x dz. 


sin? 2x 
= = ay 


dy 

ee Ps 
x sin4z 

Bi Samer ese 


Ex. 3. To integrate dy=sin? x cos‘ x da. 


dy = sin? x cos? x cos? x dx 
in2 
_ Sin? 2x os =) a 


4 2 
sin? 22 . sin? 2x cos 2x 
BEY (A a 
( =e ae ) : 
1—cos 4x | sin? 2x cos 2x 
Pd coe I Din i need PF 
( tea © 8 ) * 
@ . sin4de. sin® 2e 
=o — + —— HC. 
Pieip oa ae 
EXAMPLES. Ill. 
1. dy=cos? x dz. 3. dy=cos‘ x dx. 
2. dy=sin' x dz. 4. dy=sin‘ x cos? x dz. 


5. dy=sin‘ x cos‘ x dz. 
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6. It will now be shown how the remaining cases of 
dy =cos™ a sin” x dx may be integrated by one or more of the 
preceding cases, either directly or by means of an imaginary 
trigonometric substitution. 


7. To integrate dy = cosw x sins x dx when m+n is an 
odd negative integer. 
I. When either m or n is an even positive integer. 


(a). When m is an even positive integer. 


Let n=2p and m= —(2p+2r+1), 
then m+n= —(2r+1), an odd negative integer, 
and dy =cos™ x sin” x dx 


= sin’? ¢ cos—(#t2"+1) » da 
=tan?? a sec?”+! x» da 
= tan?? 7 sec*-1a d (tan 2) 9. . - (A) 


which last expression may now be transformed into 

dy = (i)??*4 sin?? 6 cos” @ dé 
by means of the following imaginary trigonometric substitu- 
tion : 
Let tan x=i sin 6, then d(tan 2)=icos 6 d6, “<S« (at 
and /1+4tan? « =/1—sin? 6, 
or, sec = cos 6, ~~ 


Substituting these values in (A), 
dy = (i sin 6)? cos*—! 67% cos 6 dé 
= (¢)*2*1 sini? cos™ 0:0). 0.7. eee Ce) 


to which last expression the method of Art. 5 is applicable, 
since 2p and 2r are even positive integers, 

As far as the integration is concerned, 7 is treated the same 
as any other constant. After integration the functions of 6 
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are replaced by the corresponding functions of a, and 76 is 
replaced by log (cos 6+7% sin 6) and —i6 by log (cos 6—7 sin 6). 
[See p. 29, (20) and (21).] 


ExampP.e 1. To integrate dy=sec x dz. 


dy= sec’ x dax _ d (tan x) 


sec x sec x 
4 Cos 2° i dd, ; 
cos eee Al 
and y- +0 ah aie 


=log (cos +7 sin 6)+C 
=log (secx+tan x)+C. 


Ex. 2. To integrate dy =tan? x sec’ x dz. 


dy =tan? x sec x d (tan 2) 
= (i sin 6)? cos 6 7 cos 6 dé 
= —7 sin? 6 cos? 6 dé, 


Ae ee ee ts ae C (See Ex, 2, Art. &,) 


= Flog (cos 6—7 sin 6) + 


4 sin 6 cos 6 
8 
tan x sec x 


8 


(1-2 sin? 6)+0 


= 5 log (see 2 tanz) + (1+2 tan? x) +C. 


(6) When m is an even positive integer. 
Let m=2pand n = —(2p+ 2r+1), then 
dy =cos™ x sin” x dx 
= cos” « sin—(@pt2r+)) x dx 
= cot? « ese” + x dz 
= —cot” x csc” a d (cot x) 
which last expression is transformed into 


dy = — (1)”*! sin” 6 cos* 6 d@ = oat) 
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by means of the following imaginary trigonometric substitu- 
tion : 


Let cot =i sin 6, then d (cot x) =7 cos 6 dé, 
and V/1+cot? e=V/1-—sin?6, 
or, csc x= cos 0. 


(C) is the same expression as (B) with change of sign, and 
can therefore also be integrated by method of Art. 5. 


Ex. 3. To integrate dy=cse x dz. 


2 
dy= ese? x dx Wiss d (cot x) 


ese x esc x 
_ _ 2 cos 6d0__; d6, 
cos 6 
and y= —-104+C 


= log (cos §—7 sin 6)+C 
= log (ese «—cot x)+C, 


Ex. 4. To integrate dy = cot? x ese x da. 


_ cot? x d (cot x) 


dy = 
ese 
_ _ @sin 6) ¢ cos 6 dé 
cos 6 
=7 sin? 6 d6 
y ~ ie _ ister (See Ex. 1, Art. 5.) 


7 sin @ cos 6 sedi 
2 
cot ae an +0. 


= log (cos 644 sin 6) — 


= 5 lee (ese «+ cot x)— 
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II. When both m and n are negative integers. 
(a) When n is even and m odd. 


Let n= —2p and m= —(2r+1), 
then m+n=—(2p+2r+1), 
and dy =cos™ x sin” x dx 
= cost)  sin-” » dx 
ik dx _ secPtirtt x dx 
sin? ¢ cos? gy tan”? x 
_ secret} a d (tan x) | 
tan”? x 


By use of the imaginary trigonometric substitution given 
in I (a), 
; + 
4 cos? t2r @ d@ ate) 


CI . e . . . e . e 
f (¢ sin 6)? 


=(py—w G=sin? ar 

a ie sin?? 6 oe 

= (i)! {esc? 6—(p+r) csc?" 64+ .. + sin* 6} dé, 
each term of which can now be integrated by previous cases, 
since all the exponents are even; the terms involving esc 6 
by Art. 4, and the terms involving sin 6 by Art. 5. 

dx 

sin? x COs x 
_ seciada _ sec ~ d (tan x) 


Ex. 5. To integrate dy = 


tan? x tan? x 
_ t cos? Odo _ hs (1—sin? 6) 39 
(¢ sin 6)? sin? 6 


= —1% (csc? 6—1) dd 
y= cot 6+70+C 

cos 6 

asin 0 

sec & 


tan x 
= log (sec x+tan x)— ese r+ C. 


+log (cos 6+7 sin 6)+C 


+ log (sec ++ tan 7)+C 


38 INTEGRATION. 


(4) When m is even and n odd. 


dy =cos™ x sin” x dx 
=cos-”-¢ sin-@r) ¢ dx 
cece tal gaz esc? t2r-1 ¢ d (cot r) 


cot?? ax cot?? x 


which by means of the imaginary trigonometric substitution 
given in I (6), is transformed into 


dif 2 C8 

sf (isin 6)” 
which last expression is the same as (D) with change of sign, 
and may therefore be integrated in the same way. 


dz 
sin? x cos? x 
oe es xdx _ _ esc? x d (cot x) 
cot? x cot? x 
tcos‘@d@ i cost 6 d0 
(isin 6)? — sin? @ 
(= sin? 9+ sin‘ =) aa 


Ex. 6. To integrate dy = 


sin? 6 
=i (csc? 6—2+sin? 6) dé 
3 il cos 2 
= 29-2 —a 
~i( ese ae 9 *) a0 


y= —i cot 6— 3 10— 


asin 26 


Ter 


cos 6 3 
isn 6° 2 
csc x. 8 
= peel 
cot 22 


4 sin 6 cos 6 +C 

2 
cot x ese x 
2 


log (cos 6~ sin @) — 


og (esc x — cot x) — +C 


cotx ese x 


3 +secr+C. 


= = log (cse x — cot x) — 
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EXAMPLES. IV. 


1. dy=sec? x dz. 7. dy=cot? x esc’ x dz. 

2. dy=sec’ x dr. 8. dy =cot‘ x ese x dz. 

3. dy=csc? x dx. 9. dy= pate ace : 
sin? x cos? x 

4. dy=cse’ x dz. 10. dy= Sees : 
sin x cos? x 

5. dy=tan? x sec x dx. 11. dy= a 


sin‘ x cos & 
sin! 
6. dy=tan‘ x sec x dz. 12. dy= sin’ x dr 
‘ cos’ x 


8. To integrate dy=cos” x sin» x dx when either m orn 
is an even positive integer, the other being a negative integer, 
and m+n is a positive integer or zero. 


(a) When n is an even positive integer. 


Let n= 2p and m= —(2p—r), 
then m+n=~r, a positive integer, 
and dy=cos™ x sin” x dx 
= cos—(@P—" » sin?” a dx 
_ (1—cos? x)? dx 
cos??— a 
= (sec??” x—p sec??"4 +... + cos’ x) de. (F) 


(6) Similarly, when m is an even positive integer, 


dy = cos” x sin” x dz 
(1 —sin? x)? dx 
ie sin? x 
= (csc?? x—p csc???" +... +8in’ x) dx . (F) 
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(#) and (/) are similar expressions in which the exponents 
of all the terms are even or odd, according as r is even or odd. 
When + is even, the methods of Arts. 4 and 5 are employed, 
and when r is odd, Arts. 3 and 7. 


cos? x dx 


ExampiE 1. To integrate dy = 
sin x © 


ye — sin? x) dz 


sin x 
= (csc x—sin x) dx 


y= log (csc x—cot x)+cosa+C. (See Ex. 3, Art. 7.) 


Ex. 2. To integrate dy=tan‘ x dz. 
ip sintadx _(1—2cos?x + cost x, 2) ae 
"cost a cos! x 
= (sect x — 2 sec? x +1) dx 
= (1+ tan? x) d (tan x)—2 d (tan x) + da. 
3 
y=tan © + a —2tanv+x2+C 


=g—tan 2 + 


tan? x 
3 +C 


EXAMPLES. V. 


1. dy = tan? x dz. 5. dy = cot® x dz. 
dye sin? x dae & ay cos! x dee 
COs 2% sin’ x 
8. dy — tan! x dz. Wide nee 
cos® x 
4. dy = cot? x dz. 
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9. To integrate 
dy=cos mx cos nx dx, dy=sin mx cos nx dx, 
and dy=sin mx sin nx dx. 


dy =cos mx cos nx dx 
=[4 cos (m+n) x+4 cos (m—n) x] dx (11, p. 28) 
ia sin (m+n) x , sin (m—n) x 6 


2 (m+n) 2 (m—n) 


dy =sin mz cos nx dx 


' =[4 sin (m+n) r+} sin (m—n) x] dr (13, p. 28) 
eae oe (m+n)% _ cos (m—n) x ¢. 
2 (m+n) 2 (m—7n) 


dy=sin mz sin nx dx 
=[-—4 cos (m+n) x+4 cos (m—n) x] dx (12, p. 28) 


ae _ sin (m+n) & = sin (m—n) © m0: 


2 (m+n) 2 (m—n) 


EXAMPLES. VI. 

dy=cos 3x sin 5x dx. 

dy =sin 5x sin 6x dz. 

dy = cos 4x cos Tx dx. 

dy =sin $x cos $a dx. (See 14, p 28.) 
dy = cos 3x sin 4x dz. 


eS ee Ne Pe Le 


dy = cos 3x cos $x dz. 
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10. To integrate dy = «*” cos bx dx.* 
Substituting for cos ba its value in exponential form 


[(22), p. 29], 


dy =e eae dz, 


Lf -(atid)e e(a—id) 
Pagans be VERA C 
y ors ee a + 


em ee eee 
eits C 
2 rae seen 2 


ax 7 pike Ah ihe be) fp ibe 
é eS ibe™ 4+- ae + ibe |+e 


"2 a? +6? 


Saat —— See sen 


e (a cosba+6sinbx)+C. [(22) and (23), p. 29] 


This last expression admits of further simplification by 
substituting 


cos w for Wop ei ae VE rene w=tan-2, 
a a* +- a 
hence a ages nm on tat rin ie ainda eG 
ar+ 


mien eee oft teh Open 


* Price, Vol. II, Art. 76. 
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11. To integrate dy=«™ sin bx dx. 


p. 29}, 


dy = ee” 


Substituting for sin dz, its value in exponential form [(23), 


fe re . 1 ; 
dx= (aid) ae ated | dx 


a+ib a—twb 


(a+ib) x (a—ib) x 
1 AS 


eel e= Sica 
ae C 
Qt eae als 


_ fe 
2 


a? + 6? 


be y Jy ntbxe —iba Ly ae 
— ibe™™ — ae Sol 


2t 


a (ee ™) th (e+ ™) +0 
eet 2 


6 


J a? +b 


Posed 
Ser 2 


: - (a sin bx —6 cos bx) + C. [(22) and (23), p. 29] 


(cos w sin ba —sin w cos bx)+C 


—_=—— sin (ba — w) + C, where w= tan-1 2 . (8, p. 27) 
a 
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12. The integration of the differential expressions of the 
two preceding articles may also be performed as follows: 


Let du = «™* cos be dx and dv = «™ sin bx dz, 
multiplying the latter through by 7, and adding to the former 


du +idv = «* cos bx dx+i e™ sin bx dx 
=e (cos dx+7 sin bx) dx 
mec dpe OtM% dey , . . (18, p. 2) 


g(atib) 2 


U+ w= 
+ oi +C 


a—ib 


ss a+b? ene Grog 


_ et 


e* (cos bx +7 sin 6x) +C 


Cm : 
Pas (a cos 6x +6 sin ba) 


te : 
+ Pip sin 62 —6 cos bx) +C, 


Equating the real parts, 


ied 


U= i (a cos bx + 6 sin ba) + C” 


a + 


on eas (02 —tan- =) +" 
VJ/a? +o a 
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Equating the imaginary parts and dividing through by ¢, 
2 
v= an (a sin bx —b cos bz) +C, 


Dl tenet 
Vass sin (‘ tan =| +C;. 


EXAMPLES. VII. 
1. dy=<«* cos x dz. 
2. dy=e sin x dz. 
3. dy=e* cos 3x dx. 


sin z dx 
d — 4 
y - 


5. dy =e" cos 2x dx, 


Find the value of J in the following equations: 


Bory a 
6. Ie” 2 fe sin wt dt+k. 
eee oe 
Pi eh a” B08 BE EEE, 
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Pe See GS 


13. 


14. 


15. 
16. 
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MISCELLANEOUS EXAMPLES. I. 


- dy=sin® x dz. 


dy =sin® x dx. 


dy =sin’ x cos! x dx. 


dy =tan «x sec? x da. 


dy =tan® x dx. 
‘dy =tan’ x dx. 
dy =cot* x dz. 
dy = cot® x dx. 


dy =sec’ x dx. 


dy =sec® x dz. 


. dy=cos® x dx. 


. dy=cos® x dx. 


dy =cse’ x dz. 


dy=cse® x dx. 


dy =tan? x sec x dz. 


dy =sin® x cos? x dz. 


17. 


18. 


29. 


30. 


31. 


32. 


dx 
dy = ——————- 
sin‘ x cos? x 
cos! 2 dx 
dy = ———-- 
sin’ x 
dx 
ji dy a eee 


sin x cos! x 


sin® 2 dx 
dy = 3 


/ cos x 


- dy=e* cos 4x dz. 
- dy=cos 4a cos 5a dx. 


- dy=z? sin” (2°) cos? @*) az 


dy =tan® x sec’ x dz. 


sin‘ x dx 
eee 
cos x 


dy = cot* x esc’ x dx. 


- dy=cot? x ese’ x dx. 


dy =sin? x cos® x dz. 


d cos® x dx 
Y= ee 
sin5 x 
5 
Shas cos> x dz 


/sin 


dy =cot x ese x dz. 


dy = &** cos 4x dz. 


CHAPTER II. 
RATIONALIZATION BY TRIGONOMETRIC SUBSTITUTION.* 


13. Introduction. Since in a right-angled triangle the 
square of the hypothenuse is equal to the sum of the squares 
of the other two sides, \/a?+a? may be represented by the 
hypothenuse, and Va?—2? or Vz?—a? by one of the other 
two sides of a right-angled triangle, and each one of these 
surds may therefore be expressed rationally as a trigono- 
metric function of one of the acute angles of the triangle. 

Differential expressions containing one of these surds may 
therefore be rationalized by transforming into trigonometric 
functions, and, unless otherwise too complicated, integrated 
by methods given in Chapter I. 


14. Rationalization of expressions containing Var + x? 


Fig. 1. 


From the triangle in Fig. 1, 


Vai+2 = a sec 6, 
r=a tan 6, 
and dz =a sec? 6 dé. 
* Price, Vol. II, Art. 79. 
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dx 
+e 
Substituting the values obtained above, 

_ asec? 6d6_ dé 


Examp_eE 1. To integrate dy= 


ase? 60 a 
ee 
a 


Substituting the values for 6 obtained directly from the 
triangle in Fig. 1, 


gees of 
a a 


: dx 
Ex. 2._To integrate dy = ————_.. 
8 y (+2! 
dy= USe2 Odd _ —-d0_—_— cos 8 db 
a’ sec? @ a? sec 0 eae 
y= = sin 6+ C 
x 
SOC +C. 
a V/a? + x? 
EXAMPLES. VIII. 
ve dx x dx 
1. = 5 7. ai Settee 
He (1+27)8 e e+x 
dx se dz 
2. d => ——° 8. =S ———_—_ 
4 (a? + x?)8 dy / a? + 42 ; 
dx teeters 
z ” @ (a? + 2) ; 9. dy =2°\/14 2? da. 
dx dz 
4. d ey aro eee 10. = eee te 
2 x (a? + 2”) dy (a? + 2)8 
dx x dx 
5. dia ee 1h dy = ee 
if (a? + x)8 y (1+ 22) 
6. dy= ot 12, Gy_ 2 oe. 


(a+ a)? ; (a? + 22)8 
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15. Rationalization of expressions containing \/a2— x?, 


Vat—a2 
Fig. 2. 


From the triangle in Fig. 2, 
V a? —a? =a cos 8, 


x=a sin 8, 
and dz=a cos 6 dé. 
; dz 
Exampre 1. To integrate dy = ees 
e—z 
dé 
dy = 22 0 =P 
y a cos 6 


gn G+ Cusin~ + C, 
a 


x? dx 


a? — 2 


Ex. 2. To integrate dy= 


dy= © sin’ @ a cos 0 dO _ 43 gins 9 do 
a@ COs 6 
=a (1—cos’ 0) sin 6 dd, 


y= —a* cos 0 + Torte 


ee 9 (3 — cos? 6)+C 


3 
Ove se (8-“3")+¢ 
3 a 
a MEE Gate 0. 


3 
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EXAMPLES. IX. 


1. dy= See 8. dy= ama 
2. dy= Va?—2 dz. 9 dy = — ae 
3. dy= es 10. dy = Goat 

dy = (a? — 2")! dz. 11. dy=2V 0-2 dx. 
. dy Fee 12. dy =a? (1—2°)! dz. 
6. dy= eae 13. dy = oe 
7. ay- Vena de 14 dy= me 


16. Rationalization of expressions containing \/x? — a. 


Vietes a 
a 
Fig. 3 
From the triangle in Fig. 3, 
Va? —a? =a tan 6, 
x=a sec 6, 
and dx=a sec @ tan 6 dé. 
Exampre 1. To integrate dy= de 
av a2 — a? 


_ asec Otan ddd do 
a sec 6a tan 6 a 


dy 


? 


6 


y=—+C= 1 scot 24.0. 
a a a 
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V a? — a? 


Ex. 2. To integrate dy = ———— dz. 
2 


a tan 6 a sec 6 tan 6 dé 
a sec 6 


=a tan? 6 d@=a (sec? 6-1) dé, 


dy = 


y=a tan 6—a8+C 
=V/72—a?~a seo? X +0. 
a 


Nort. The other angle of the triangle could also have been 
used, in which case, calling this angle a, 


Vae+7?=a csc a, x=a cota, and dx= —a csc? a da. 
Va—2?=a sina, r=a COS a, and dr = —a sin a da. 
V/2-a? =a cota, =a csca, and dr= —a cota csc a da. 


EXAMPLES. X. 
i ity ve-e dz 5. dy= Vee 


od V/ a — a? 
dx dx 
: 2/2 — a? 4 a/ 22 — a? 
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17. Change of form of radical. In some cases rationalizing 
a differential expression by trigonometric substitution as just 
shown, leads to a trigonometric differential expression which 
would be integrated by means of an imaginary trigonometric 
substitution, which, of course, can be done. 

On the other hand, since the form of the radical determines 
the resulting trigonometric function, it is possible, by using 
the imaginary, to change the form of the radical so that the 
resulting trigonometric differential expression may at once be 
integrated. 

The sign of both terms under the radical may be changed 
together by factoring —1 from under the radical, thus: 


Vai+a2=V —1 (-a?-2?) =iV —a? 2, 
Va?—x?=V -1 (2?- a?) =iV 2? — a, 
V/—aa=V -1 (a? 2) Ht Va? — 27, 


Also by putting =v, the sign of 2? can be changed alone 
thus : 

Vai+22 =V/a?—v’, 

Va —a = Va? + v4, 

/ 72 — a2 =aV/ — v= a. 


Hence it is possible to change the form of the given radical 
into any one of the three forms, as follows: 


Ja? +22 = Va? — 2 =i Vv? — a 
Vai—taiV 2 —at=Va? +, 


Ve-a= iVa?—7 mia? +3, 


the form chosen being the one which renders the simplest ex- 
pression to integrate. 
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It will now be shown how this applies to a number of 
examples. 
dx 
Vat+ x2 
This expression, if rationalized as shown in Art. 14, would 
reduce to 


Examp.e 1. To integrate dy= 


dy = sec 6 d@ 


and integrated same as Ex. 1, Art. 7, but by changing the form 
of the radical to V/a?—v? by putting «=iv and dr=i dv, a 
much simpler expression to integrate results, thus: 
d dx 4 dv 

a Vae+z? Vat—v 


= 008 dO 5 dp, (Bee Fig. 4.) 


a cos 6 
: 6 
y=1 6+C=log (cos 6+7 sin 6)+ C : 
—log (Vr— oie casa C Se 
Se Vat—vt 
' Fig. 4. 
=log (VERE) 4-0, 
a 
*dy = PSL Leenes also be inte seeias =isin12 
y= / a? —v? Jy er y a 
then 2= sin os eee <i os 428, Pe 20.) 
a 4 2 
div ee _ vey 
a. a 


multiplying through by ¢, 


ev — 2 v= af 
* Price, Vol. II, Art. 36. 
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from which = EE 
and y = log (YS 40. | 
Ex. 2. To integrate dy= as : 
Let z=iv, then dr=7 dv, 
- : ; 
alah ereiin a oe _ 1a sec? 6 dé a 00" 6 a i if (See Fig. 5.) 
i 0 1 


= -——+C =—log (cos 6+7 sin 0)+C 
a a 


“Lin (385) 


Ve =a 
aay 
x a—x 
dy = , can also be integrated as y= “tan12, 
a 
thea.) See tan 22) Sie) a Ce 
ce acne 4 (+1) ce ) 
diy Fh, ere 


By composition and division in proportion, 


a+x Zev Sey 

Cane Se 

2ay = log © += 
—2 


and y- biog [#2 40. 
a 
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er: 
Ex. 3. To integrate dy= ee. 


dy = VO ay 


i 4a tan 6a sec 6 tan 6 dé (See Fig. 3.) 
asec 6 


=ia tan? 6 d@=ia (sec? @—1) dé, 
y=ia tan 0—ia0 +C 
=ia tan 6+4a log (cos 6—7 sin 6)+C 


~iVP— G+ clog (*=E=*) +C 


=Va—27 +4 ie ae s-VE=P\ +0. 


d 
Ex. 4. To integrate dy= wart 
dz 
| ental 
iVe—2 
eae ee oh ania G,) 
da sin 6 i 


y=-% +C=160+C 


=log (cos 6+7% sin #)+C 
pha (vee) )+e 


= log a )+0. 


a 
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Ex. 5. To integrate dy = pa . 
a a? + x 
Let x=, then dzx=i dv, 
aad ie Beeb ats dv 


ww iv/ Pv v? inv v —a? 
a a esc 6 cot 6 dé 


ey EE MAT 
ia csc 6 a cot 6 Sigel 
oan dd id@ 
Vat—a? See we 
Fig. 7. 
y= a +C= * log (cos 6+7sin 0) +C 
7 1 log (vfse 2 +C 
a v 
* 1 hog (2-4 =) ae 
a wv x 
at} (See=*) ae 
£3 
: OU 
. oO. t = 
Ex. 6. To integrate dy aE @-ai' 
Let xz=w, then dxr=? dv, 
3 i dv a tae. ie eae 
at, Ceca” Diesel” ae! 
a sec? 6 dé cos 6 dé : 
Be ey pes (See Fig 5.) 
a ee 
a 
v 
—- —=—— +C 
ar/a? + v? 
airn/a? — x 
£ 


= — ————. + C. 
a/7 — a? 


1. 


Re 


3. 


4. 


5. 


6. 


7 


8. 


9. 


10. 
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EXAMPLES. XI. 


ay = Va? + x dz. 


dx 


dy = 


a? dx : 
V/ 2? — a? 


dy = 


dx 


dy = ————_.. 


x (a?— 2)! 


dx 
Y~ 3@-at 
dy = (1+ 23 dz. 


J14+2? dx ; 
fies 


dy = 2/2? — a? da. 


dy = 


| dl cerns 


(=a) 


ax 
1 e SOO e 
mere av a? — 
a? dx 
12. dy = (@?— a)? ° 
BBs «dy pe Se Ge 
e 
14. dy =22\/1+2? dz. 
dx 
15. dy Se ee 
e/a? — x 
x? dx 
16. dy = (@-2) ° 
17) dy — MOR de mia: 
x 
dx 
18. dy = (2 — a)? . 
19. dy =x? — a? dz. 
a? dx 
20. = 5 
e Va +a? 


5T 
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dz 
ite dy = (@ +2! 5 
ts due @— aida 
x 
dx 
Se = -- ;, 
ay x(a? — a?)i 
4. dy = x*\/a?—2? dz. 
dx 
5. > ————" + 
dy x(a? — 2°)8 
dx 
OU a 
dz 
tie =o fi 
dy x? (a? + 2) 
dx 
8. dy= Gia ; 
9 dy = (#7 —a*)idz. 


10. 


11. 


INTEGRATION. 


MISCELLANEOUS EXAMPLES. II. 


dy = x2? —a? da. 


dz 


ot oa 


12. dy = x*V/a? +2? dx 


13. dy =2?(x?—a?)! da. 


dx 
OO gees 
18. dy eek dt 
x 
16. dy= oa Son 
17. dy = OR ° 
a\/ a? — a? 
eda) 
roe Bed (a — 2/2 2)? 
19. dy= 2 at_ 
wo (@= 2 
20. dy= ——22_. 
© Var + x? 
e+e+a 
21. dy= YR eo 
22. dy — —4& 


a(a + bz?)?” 
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dz 
23. d EE ———————— 
(a? — 2?) n/p? — 32° 
Let zx=a sin 6, then dxr=a cos @ d@ and 
dg sec? 6 dé 


a cos 6 \/b?— a? sin? g % av/b? sec? 0 — a? tan? 6 
When a>), 
d (tan @) 
d eS 
I~ a/b? (a?) tan? p 
1 Va —b? a) 
b 


ee 
ea eo ( 


nae (Vea) mente 
b/ a? — x? 


+C 


d (tan @) 
a a + (6? — a?) tan? 6 


y= 1 REEIOEEN EEE b? —a? a +Vb?— a? en d\ec 
WE 
age (EEE teVEB) 
a/b? —a? bVa? — x? 


18. Rationalization of expression containing \/2ax_ x2, 
This surd may be rationalized in two ways, either as 
Va V2a—2 or as Va? — (x—a)?. 
In the first case, from Fig. 8, 
= Ee 
/2a—x=*/2a cos 6, 
x= 2a sin? 6, 


V/2axr — x? = 2a sin 6 cos 8, 
and dz = 4a sin 0 cos 6 dé. Fig. 8 


a 
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In the second case, from Fig. 9, 


Va? — (24—a)?=a cos 8, 


2 (a—a) L—a=a sin 6, 
ea z=a (1+sin 6), 
V2ax—a? dx=a cos 6 dé. 
Fig. 9. 


The latter case is the simpler one, and can always be used 
except when the radical appears in the denominator, multi- 
plied by some power of x, when the first case is used. 

dx 
/2a% — x2 


4a sin 6 cos 6 dé ; 
Spades he BD eA A nay, See Fig. 8. 
2a sin 6 cos 6 oo, ee See 


Exampte 1. To integrate dy = 


y=204+C 
=2 sin \/ +O, 
a cos 6 dé : 
or dy a Se Ne ye = 08, (See Fig. 9.) 
y=04+C 


= sin-! (= . 1)+ 0. 
a, 
19. Rationalization of expressions containing ,/2ax+ x2, 
This surd may be rationalized, either as V/x 2a + x or 
V(x +a)?—a, 
From Fig. 10, 
Qa+2=/2a sec 6, GE 
x= 2a tan? 6, 
/2ax +x? =2a sec 6 tan 6, wo 
V2a 
and dx = 4a tan 0 sec? 6 dé. Fig. 10, 


Vz 
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From Fig. 11, 
/2ax+x?=a tan 6 xo 
" s V2ax+2* 
r+a=a sec 6, 
x=a (sec 6-1), rate m 
and dz=a sec 6 tan 6 dé. Fig. 11. 
ExamMpLe 1. To integrate dy = pea 
“ (2ax +x?) 
4a tan 6 sec? 6 dé : 
= SSS Se See Fig. 10.) | 
: 8a? sec? @ tan® 6 age ) 
ge ee ee 
2a? sec 6 tan? 6 
cos? 6 dé 1 — sin? 6 ; 
Qa? sin? 6 2a2\ sin? ) =e 
y= oy (— 080 @—sin 6)+C 
2a? x 2a+ 2, 
eee ey ae eee ee 
202 / 2axn+ x @/2ax + x? 
a sec 6 tan 6 dé : 
or, dy = CS et Geo (See Fig. 11.) 
sf oe d dé = 1 cot 6 esc 6 dé, 
a?\sin? 6 a? 


y= — ose 6+C 
a 


a? / 2axr + 2? 
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EXAMPLES. XIl. 


Sas dx 
MES ogee 0 es 

3 Me dé _1-siné 
a. ye ~ a(i+sin@) @cos?@ 

Mee ~ (See Fig. 9.) 

3. dy= eS 7. dy=/2ax4 42 dx 

Carrs =iVa—(x+a)? dz. 
4. dy= V2ax—x? da. Let (+a) =a cos 6, 


5. dy=x V2ax—2' dx. 8. dy= SAL 
Vax — x? 
20. Rationalization of expressions containing trinomial 
surds. 
Differential expressions, not too complicated, containing 
trinomial surds may be rationalized and integrated on a plan 
similar to the one followed in the two preceding articles. 


dz 
(x? + 22 +10)8 
# dx 
~— E@+l?t+ 9] 
_ 38sec? 6 dé 


= Ot woe. (See Fig. 12.) 


(v+1) _ cos 6dé0 
nae 


sin 6 
Rarer pet 


Exampre 1. To integrate dy = 


dy 


z+1 


9n/gageeia 
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21. Binomial Differentials. Every binomial differential 
expression may be reduced to the form 


P 
z™ (a+ 62")@ dz, 
where m, n, p, g are integers and n is positive. 


As found in text-books this binomial differential expression 
may be rationalized and integrated in the following cases : 


1 
Case I. When tae ES an integer or zero, by assuming 
n 


a+ bur = 2. 


Case II. When cos + £ an integer or zero, by assuming 
n qg 
a + bx = 2%", 


The student should now be able to prove that this binomial 
differential expression can be rationalized by trigonometric 
substitution in the cases just given, and therefore it is not 
necessary for him to remember these conditions, since he can 
readily determine by trial whether a given binomial differential 
expression can be rationalized by trigonometriv substitution. 


: dx 
Exampte 1. To integrate dy = 2+ 
Let /a? + x= a sec 8, 
then x= ai tan? 6, 
and dx =% ai tan 6 sec? 6 d@, (Draw the triangle.) 
ie 2 d0 
3a‘ tan? 6 sect 6 
2 cos? 6 dé 


~ “Bat sint 9’ 
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be aia ho aie C 


OA x 2a4 (a? + 3)8 4) 


2a? + 323 


Ga (+a =C. 


EXAMPLES, XIII. 


dx 
ite dy= ——— 5. dy=x> 1+ 2)3 dz. 
V/24 84422 ‘s ( 
See Ty ea a 6. dy— 8t+2) dx 
V/V 244-22 (x’ — 3x +43)? 
3. dy=24a—2 dz. % dy= ——a& 


x (a+ bar)?” 


dz 
4, dy = (a + 2)8, 8. dy = x(a? ea x?) dx. 
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ANSWERS TO EXAMPLES, 
EXAMPLES. |. PAGE 3}. 


sin? cos? 
i sin? x Os? x 


+C. 


+C, or y= — 
2. y= ve —cos £+C. 


3. y= — log cos x +C, or y=log sec x+C. 


4, y=log sin r+C, or y= —log cse r+C. 


5. y =e 2 sind , sind zo, 
5 7 
2 
6. y=log cse x— = ih, 
ir 
ig go 3 coss a + cos" x—cos £+C. 
7 5 
in3 2 
8. y-sin 2— S* +0. 9. y= “ - log cos 7+C. 
: P Scr: sin’ x 
10. y=sin x—sin® x+ 5 sin® x — +C. 
26 
11. y=log ese n—> esc? Ea 3 eset Bi oe 
2 4 6 
ec4 
12. ya ee z+log sec x+C. 
sec x sec’ + sec? a 
2. y= —— 800 £+C. 14, y= ss +C. 
noes ade 3 
2 
15. y= wee +2 log cos x— eae aC: 


16. y= —cese x—sin r+C. 


INTEGRATION. 


EXAMPLES. Il. PAGE 82. 


1. y = tan pee 2 ee 

2. y= tan ot 2 tant2+ SE 4 ¢. 

3. y= — cot o- S40, 

4. ym —cot 2 — 2 cot? z- 24. 
5. y = log tan x+C. 

6 y= —cot r+tan c+C. 

"7, y= SE +0. 

8. ~~ 2 _F cot e- 4 G 
9. y= OE, See. 


3 
10. y= — cot x+ 2 tan r+ ar +e. 


EXAMPLES. Ill. PAGE 33. 


1. y= b+ LC, 
2. y= 52 _ Sat +e ie 
8 yn 4 +0. 
‘ nae 
ry y= 2 - Se nak 
pe ee ee ee 


128 128 1024 
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EXAMPLES. IV. PAGE 39. 


t 
an x sect. Oo, 


1. y= 5 oe (sec x+tan x) + 9 


2.y= $ log (sec ~+tan x) + etan x sec Z 


3 
tan? x sec x C. 
4 
Cc 
cot x csc x + C. 


3. y= 5 log (ese «—cot x) — 9 


4. y= = log (ese x—cot 2) — 2 oot x ose 2 
_ cot® x ese tig 
ape 


tan «x sec 
bsemeladeiaengs 7.) 


Ba if 5 log (sec x—tan x) + 3 
6 3 3 
.¥= gone (sec «+ tan x) — 3 tan x sec x 


3 
tan’ 7 sec x ig 
4 
$3 
cot ao CO 7 ese x C 


& y= = log (ese 2 —cot 2) +2 cot x ese x 


7 y= j log (cse «+ cot x) — 


cot? x cse x 
=~ ——— +. 


4 
9% y= = log (sec x+ tan x) + BR ESS t — ose x+C. 
10. y = sec x+log (ese x—cot x) +C. 
3 
11. y = log (sec x+ tan x) —cse r~ “52 +0. 
1 tan x sec x tan x seca 

12. y= — log (sec x+tan x) — ———__——-. —- ——_—_ 

Sg Oe 16 8 


tan’ x sec? 
Sa LOCC PKC 


6 
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EXAMPLES. V. PAGE 40. 


1. y=tan x—x+C. 


2 y=log (sec x+ tan x) —sin x+C. 


So ym ORL tan rt+x+C. 
4. y= —cotx—x + C. 
5. y= — COE 4 AE cot a2 +. 
6. y= > log (cse x + cot zx) — She eee cos x + C. 


_ tang sec x 3 


1 y + 5 log (sec x—tan x)+sin r+C. 


2 
EA OMELER: Vi. PAGE 41. 
1. y= — Be eo =? + C. 4. y= — SFE 4 So0s 2 +0. 
2. y-- oe SBP 4C, 5. i= + cos 52+ C. 
3. a moe, C. 6. y= sino +posin2 240. 


EXAMPLES VII. PAGE 45. 


1. 


2. 


3. 


4. 


5. 


6. 


7 


ANSWERS. 69 
1 : We 
4 y=— —_— sin(x+ 4) +0: 
JS 2 ( 4 
—3zr 
5. y= sin (22—tan~ ae Gs 
/13 2 
R 
Sige opens ey a (wt— tans) 4 hen hs 
VR? + Lu? R 
ROU) ae Cpe. Se EA wt + tan b + ke BO ° 
" 1 RCw 
+ w 
MISCELLANEOUS EXAMPLES. I. PAGE 46. 
2 cos® x 
= —ecos*? ¢ — CG. 
y cos x + 3 Os? x 5 sie 
5c = sin 22_~—s Sin? 22—S 8B. Sin 4 
=< pcre (ne meine ea eal 
Aes: 4 ae et 
cos?’x cos >z 
= _ C 
y 7 Bian 
sec? x 
= C 
y 3 om 
5 8 
-o tan’ xz _ tan ©. taneg—-274+C 
5 & 
6 4 2 
y= es jseee SS0U 2 _log sec 2 + C. 
3 
y= - cot* xz +cot x+x+C. 


eset x 


+cse? z—log ese r+ C. 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


INTEGRATION. 


2 log (sec ~+tan x) + z;0n x 8eC 
3 3 
+ Stan! x sec x + eh gee) 


r +C. 


tan? x 
t 


tan x+tan? x + Stan’ a+ oP Gi 
sin® x 
—— + C. 
5 = 
5a sin 2x sin? 2x 3sin4z 
167 ea 48 ei 
11 


alos (ese x—cot x) — ae x ese x 


Oran 
aie at acs c+ 


cot? x ese? x 


3 
— —cot® x ese x — C. 
8 ? 4 6 + 
7 
—cot x—cot? x — cot’ 7 = a TC. 


3 
<6 log (see x—tan x) + tan x sec x , tan* x sec x 


16 8 
3 3 
tan’ x sec Zia, 
6 
ka 5a _ sin’ 2x _sindr sin 82. g 
oe 08 48 128 1024 "~~ 
te eo Dok ee 


cot? x cot? x 
5 if 


sec’ x 


+sec x+ log (ese x —cot r) +C. 


2 4 
~2V cos x (2 - 70st Soh are = Cc. 


27. 


28. 


31. 


32. 
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=~ cos (4x —tan 2) +C. 


ri 
soe ELC. 
sot 28E 2, OT, 


sin’ 
a 


log (sec x+ tan x) — sin xz — 


cot x ese x a cot® x ese x 
16 8 
cot? sc3 
=! rs ex cg 


48 log (ese x — cot x)+ 


3 
a log (ese x+cot x) — cot rose x  cot® x ese x 


16 i 8 
_ cot? x esc? x By 
6 
5x sin? 2x sin 4z7_~— sin 8r 
128 * 48 198 ~ 1024 *° 
= P hog (ese « — cot x) + " cot xese x — COU ose x 
8 8 7 
+cos ++C. 
ST BES 2 +42 sin‘ Ab 
2 Vsinzg (1 — Ssim? x + ia! 
5 9 
ese® x 
= C. 
5 + 


= cos (47-tan 3) + C. 
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INTEGRATION. 


EXAMPLES. Vill. PAGE 48, 


Le. 4 oe ea 
3(14+ 27)? 
Bie 15a! 4+ 20a? x? + 825 C 
15a® (a? + 27) 
iL £ 
BY yi ee ee ere 
Tg ake 
2 2 x 
4, = LOE ae 1 ] ————— Fe 
y 2a4 x? at os J/ a? + 2 oe 
me 8a7 4+ 2 2x3 
3a4 (a? + x?)8 
Va? + x a 
6. = SS eEnaEEEEERREEEEnEIeE a5 ere SNe Se Bi OF 
UIE aga, | 2 (ea) 
7. 


8. 


10. 


11. 


12. 


y=a' log ee 4 (2+ 2x") (8) nee 


2 2 
y= VELE (ee_2at) +0. 


y= Cro) (aor 2)+0. 


3 soo 32 = 
ey Oh ea oo ene, ae 
y 8a a 8 (a? + x?) 4 (a? + 22)? +C. 


47°+3 
SS ] 2 5 
y DGiaiye og V2?+14+C 


1%, xi—a? x 
a * 8a? (a? + 27)? rs 


1. 


26 


3. 4 


4. 


5. 


6. 


Ye 1 


8. 


9. 


11. 


12. 


13. 
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EXAMPLES. IX. PAGE 50. 


2 rea) 
y= = sin = _ Bie ae Tap 
2 2 m2 
pete 


oe Vea ® Bat+ da? a? + Bat) +C. 


re ss sin-? 2% 4 5 Va — a. (Ba? — 22?) +. 


a 
z ay i gtineay 
y= ee sin = +C 
a / a? ~ 2? 
+1 +C. 
a: (a? — x’) E a 
y= — Ve ae sin t= +C 


Sts ai lh ee 
y a + 3a = sin 4+C. 


Pe 
ara | erry eae ga) 
as a2 / a? — x? 


y= @ gin-t 2 + 2 Va? — x? (202-0?) +C. 
; 8 a 8 
rae Eo RaeTae Coa 
5 Sei Ae Neem (re eel tem a (lee ee) 2 
y 7a the x (23? pat 4 P)I+C 


ys 
y= *, log eo oe OD 14, y= bu? — 26 +C. 


/a?— 2 : 15 (a? — 2*)8 : 
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EXAMPLES. X. PAGE 5l. 


1. y= sets = ae +C. 


2 y= eee a — a? (2a? — 5x?) +C. 
8a a : 


Leet Vet—a? | (2-0)? | (2?-a*)!8 


5. = == a 
y 16a5 ae a 16a! x 8a‘ a* 6a? x 
7 phat 
6 y= = s (x? + 2a?) +C 
/ x? — a? 
7 Y acu (2a? + a7) +C. 
i zx. V2—a? 
Sy seen se ts ee 
les oe (x? — 2a?) + C. 
EXAMPLES. XI. PAGE 67. 
2 
1. y= S log (sere aan *) 5VG+e+C 
1 va 
Re — 
~ Qa log 2a? (a? — x?) ae ey mes 


2 2 72! = 
8. y= © log (Yee), YER yo. 


+C. 


12. 


15. 


16. 
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a/a?—z? a 


3 a+z x 1 

at log 5, enpan Lea aaa ats +C. 

2V14+2 
8 


1 V1+22-1\ V14+2 
gal eee ea 


€ vee a x — a 


: log (x +V1+2?) + (5+ 227) +C. 


C. 

—a’? 
F(a? - a) +C. 
3 a+x Bx Pa 


8a5 os a—x se 8a4 (a? — x?) 3 4a (a? — x)? - 


a- ee +Ce 


C. 


r—a x 


a log y= — 2 (a (a — a?) +C. 


a5 log ae = Va +2 (x? e 2a?) +C. 
x 


8a? a 


4 log (V1+2?— x) + aE (1+ 227) +C. 
log (—S)- VO=Z LG. 


A 
a z 2a? x 


2a3 


1 a—x x : : 
Bat log Va Ma CS YT aaa! (a+ 27)+C 


17. 


18, 


fe log (a 


INTEGRATION. 


EERE EET Ey 


8a? x 4 


a ; jx+a x 
eM i fs 
2a “8 x-a ~— 2a? (x? — a?) Ee, 


a tog ( 


log 


we EEE NORE 
a 7} 


——) Ma aV a+ x? 
a 


+C. 


3 +C. 


MISCELLANEOUS EXAMPLES. IJ. PAGE 58. 


(2? ae a os a*)§ dig nga 


1 


fea OR Se. i Oh 
16 (a@7+27) 8 (a? +27)? 


a 3 


be 


—a?—a5 sec! = 


1 


chee ms ee BOOT eh 
CvV/2-a @& @ 


4 
ve x +oe Vai— 2 


Neocon & 


6 


=+C. 


10. 


11. 


12. 


15. 
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ANSWERS. 
1 a+2z 1 7 
eae | Se, eee a nee 
y a5 oe a—-x atx 8a ate. 
1 ¥ eke 
Rtg ee a 
3 oe ag Ba 8 
ee tert ee 
Oe RR a Ba (a? + 2?) 


y= 


4a‘ (a? + x)? 


3a Io (fe Rel = ya 
8 a 8 


+5 (a? — a?)8+-C. 


3 ta 


log 


8a5 Z+a 


e+-Varit+a\ ate. Gos 
“ Slog 2( ) oN + a 


ab/ a? — 7? 


_ #7)! 
35a4 27 


at av 22 — a? 


16 


+ & (o- a*)a+C. 


a 3a 


a 


8a4 (x? — a’) 


wv 


ha (2? — a3)? 


+ = (x? — a?)8 


+C. 


3 poe, 
a ee a+ att - (a? + 2)8. 


(22? + 5a?) + C. 


— log (ve) wave — a 


2\8 x 
i der Gs 


- a) §+¢. 
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a+e eset ye 323 
16. y = fa log 4? + T6q8 16a® (a? — x”) + Bae (?— 2) 
3 
tea (a= a) +C. 
17 Ve=W2 Og 22? 
SoU eee, es 
Vax 2a? g?—x! 
2? il II Di - 
18. y = 2a? log 5 @— 2) +C 
19 ae ¥ 3a4 38a? 
ou 6 (a? — 2?) 4 (a? — 2) + 3 ygt a2) (a? — eee 
olog ae AC. 


20. y = se log (Ss) err: (2x? — 3a?) + C. 


21. y= Revie ioe + d tant +C. 
a a a 
bx? ER ba? 


—__—_—____. + —__ ] 
2a? (a + bz”) z 2a? Ae 


Zreo = — 
y a+ bx? 


+C. 


EXAMPLES. XIl. PAGE 62. 


1. y= se w 1)- Sees (a + 8a) +C. 


Re y= sin (2 - )~dat/2an— at - Sa (e—a)V2an— 2 
+ cree PEC 


3 


y = asin Ee =) —V/2ar— 23 +C. 
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ae ain (2 ae )+ (e-a)V2ar—2 |G, 
2 a 2 
y= 5 sin (= = 1) sak Shar) cacti td Be as $C: 
a 


a Ti 20 
aN 2ax — x2 
2 = 2 3 : 
Saks log tt+a—V2ax+x 4, @tayV daz +x +0. 
2 a 2 
y= 5 sin 15 ~ 1) -Vae-a+C 


EXAMPLES. XIill. PAGE 64. 
1. y=log (22+ 34+2V24 30427) +C. 


2 y=sin ea. +. 


3. y= =sin — “ 22a i 24a 2 +O, 


1 
4. y= - ——— : 
y area wines 
3 +27)? _1+2, 1 
5 y= —(1 + 2?) | 3s - YH : 
5a + a] i n + g]re 
ee (22 —3) (8% + 2) 26 an 22 = 38 PW 3 
3 (2?— 32+ 3) 3V3 
ba" 1 ba" 
% y= — ——__ + —— log ——— +0. 
Z ner(a+be") na? i a+ bxr wee 


8. y= “5 (6x! — a? 2? — Bat) (a? — 2) +C. 


Ate 


a" 
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